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1, I n  [l] we have e s t a b l i s h e d  t h e  f o l l o w i n g  s imple  theorem: i f  t h e  

( 5 )  = f i t ,  - i ( t ) ,  a(t  --'r)], f ( t ,  y l v )  zz f ( t  + w, a,!) h a s  a l i m i t e d  s o l u t i o n  

xo(t) e such  t h a t  !:: [ g o  ( 1  -k 6 )  - SO ($)I == 0 

of  t h e  cb) p e r i o d ,  

t h e n  i t  h a s  a p e r i o d i c  s o l u t i o n  
-- 

Hence the  f o l l o w i n g  c o r o l l a r y :  

If t h e  sys tem 

A (6 4- ( I ) )  = A(i ) ,  n ( t  + 8)  = B ( t ) ,  f ( t  + w) f (1 )  . - 1- - 

has a l i m i t e d  s o l u t i o n ,  and  i f  t h e  t r i v i a l  s o l u t i o n  co r re spond ing  t o  a 

homogeneous sys tem i s  uni formly  and a s y m p t o t i c a l l y  s t a b l e  t h e n  t h e  systern 

has  a p e r i o d i c  s o l u t i o n .  

We w i l l  show t h a t  if a t r i v i a l  s o l u t i o n  of  a homogeneous sys tem is  

uni formly  a s y m p t o t i c a l l y  s t a b l e ,  t h e  e x i s t e n c e  of  a l i m i t e d  s o l u t i o n  o f  

t h e  inhomogeneous sys tem is  a s s u r e d  e 

Lemma. Under c o n s i d e r a t i o n  i s  the  f o l l o w i n g  sys tem - 
4 4  - A ( 1 )  s ( 2 )  3- ' I 3  ( t )  a (l-7) + f (I), 

where A ( * ) ,  B ( t ) ,  f ( t )  a r e  l i m i t e d  when t 3 0 ,  Let us a s s u a e  t h a t  t h e  

c o r r e c t  s o l u t i o n  of a co r re spond ing  homogeneous sys tem is uni formly  asymp- 

t o t i c a l l y  s t a b l e ,  Then a l l  the  s o l u t i o n s  of t h e  system a r e  l i m i t e d  when 

L 2 0 ,  

Proof .  A s  t h e  t r i v k a l  s o l u t i o n  o f  t h e  sys tem.  $ ( 1 )  E 1 (i) ?/ (i) -+ ( b )  ( e  P 

is uni formly  a s y m p t o t i c a l l y  s t a b l e ,  t h e  f o l l o w i n g  e v a l u a t i o n  t a k e s  p l a c e  



It follows f rom t h i s  t h a t  
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now c o n s i d e r  t he  a r b i t r a r y  s o l u t i o n  x ( t , ( 4 )  such t h a t  

L; ; -J~.  We w i l l  p rove  t h a t  whenever t > 0, we have 

- - - .  /'fl<pAi12 _.I- 0 e L e t  us assume i t  i s  i n c o r r e c t ;  t hen  t h e r e  e x i s t s  
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From t h i s  i t  f o l l o w s  t h a t  

The r e s u l t  is  a c o n t r a d i c t i o n ,  consequent ly  

P [I, s(t - + 6 ;  9)) ,< 4 X,L$J12 whenever t 0; bu t  i t  fo l lows  from 

The d i r e c t  c o r o l l a r y  o f  t h e  proved lemma is 

A ( t  +- (0) ?zE n ( t ) ,  B((1 + (1)) = 13(2), f ( l  + 0 )  = / ( q  __ 
h a s  a p e r i o d i c  s o l u t i o n  o f  t h e  p e r i o d  i f  t h e  t r i v i a l  s o l u t i o n  of  a co r -  

responding  homogeneous system i s  uni formly  a s y m p t o t i c a l l y  s t a b l e .  T h i s  

p e r i o d i c  s o l u t i o n  i s  obv ious ly  t h e  o n l y  one and i t  s a t i s f i e s  t h e  /x ( t ) / < L M  

type  of  e v a l u a t i o n  where M = s u p / f ( t ) / .  

0 

With t h i s  theorem i t  is  p o s s i b l e  t o  p r o v i d e  a new proof  of  t h e  fol low- 

i n g  theorem: 

Theorem 2 ,  Under c o n s i d e r a t i o n  i s  t h e  f o l l o w i n g  system 

is uniformly a s y m p t o t i c a l l y  s t a b l e ,  t h e n  the  sys tem h a s  a p e r i o d i c  Solum 

t i o n  f o r  a s u f f i c i e n t l y  small lyl. 
Proof .  L e t  x ( t )  be a p e r i o d i c  s o l u t i o n  of the  sys tem &(%) = A( t )  x 

L e t  us assume 

0 P 

ejj(t) & ( t  - 4 4 f(t), which e x i s t s  on t h e  b a s i s  of theorem 1, 

t h a t  2 0 )  : = .I: (1) r0 (t). 
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We get 

cons e quen t 1 y 

L e t  z ( t )  be t h e  p e r i o d i c  s o l u t i o n  of  t h e  f o l l o w i n g  sys tem 1 

,i (1) = A (2) 2 ( 1 )  + ( 2 )  2 ( 1  - 7) + p.2 (1, 0, 0, !l)t -- - - -  - .- - 

and z (t) t h e  p e r i o d i c  s o l u t i o n  of  t he  fo l loming sys tem k 
i ( t )  A ( 1 )  Z ( t )  + n (I)  ( t  - T) + (J.Z ( t ,  Z P - 1  (t), 3li-1 ( 1  - T), p). 

- 

R e s u l t i n g  from Theorem 1 is the  f o l l o w i n g  e v a l u a t i o n  lzx+l-cal < I  p.] 

l i J l ] ~ ~ - z t r - ~ I  e The c o r o l l a r y  i s  a uniform convergence of  s u c c e s s i v e  ap- 

proximat ions ;  t h e  end r e s u l t  is a p e r i o d i c  s o l u t i o n  o f  t h e  system. 

2, I t  is  p o s s i b l e  t o  e s t a b l i s h  similar f a c t s  i n  connec t ion  wi th  

n e a r - p e r i o d i c  s o l u t i o n s  a 

Theorem 3 .  The sys tem 2 ( t )  = A ( t )  2 (1) + U ( t )  3; ( t  - 8) 4 f ( t )  'p where 

A ,  B ,  f a r e  con t inuous  n e a r - p e r i o d i c  f u n c t i o n s ,  h a s  ia n e a r s p e r i o d i c  solu- 

t ion. ,  i f  t h e  t r i v i a l  s o l u t i o n  o f  a co r re spond ing  homogeaeous system i s  

uni formly  a s y m p t o t i c a l l y  s t a b l e .  Th i s  n e a r - p e r i o d i c  s o l u t i o n  is obv ious ly  

.. 

B,  f ;  L a c o n s t a n t ,  depending on t h e  homogeneous sys tem,  r e s u l t i n g  from 

t h e  proof  of the l e m m a .  
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L e t  y ( t )  be t h e  s o l u t i o n  o f  t h e  homogeneous sys tem which c o i n c i d e s  

wi th  u ( t  + T )  u ( t )  when -0 < t < Q e  We w i l l  d e s i g n a t e  

2) ( a ! )  xs= 7i ( t  + 7 )  - 26 ( 1 )  - ?J ( t ) .  

We have , b (2) = A ( E )  D ( t )  4 A ( t )  v ( 2  - 0) + [ A ( t  + T) - A @ ) ]  ,ujf A- r) 7 

It  fo l lows  from t h e  lemma t h a t  

Consequent ly ,  I U W - T . ; )  - u ( t )  -a(q1 <%- 
-- -__ - _ _  __ - 4  

S i n c e  t h e  s t e r e o t y p e d  s o l u t i o n  of a homogeneous system is uni formly  

a s y m p t o t i c a l l y  s t a b l e ,  and t h e  major te rm of t h e  i n i t i a l  f u n c t i o n  f o r  t h e  

s o l u t i o n  of  y ( t )  i s  the  c o n s t a n t  2M19 i t  f o l l o w s  t h a t  t h e r e  ex is t s  T ( E )  

i n  any i n t e r v a l  o f  t h e  l e n g t h  2 t h e r e  i s  a number such  t h a t  

I t 4 ( f  3.7) - a ( l ) /  < E when t 7 T ;  b u t  t h i s  means t h a t  t h e  s o l u t i o n  of u ( t )  

i s  a s y m p t o t i c a l l y  n e a r - p e r i o d i c ,  

Then%'($) I= zo (1 )  + w (i): where u ( t )  i s  a nea r -pe r iod ic  f u n c t i o n  and 
0 .. 

consequent ly ,  & ( 1 )  = d ( b )  so ( t )  + I3 (1 )  go ( 4  0) + f (1) e The e x i s t e n c e  o f  a 

nea r -pe r iod ic  s o l u t i o n  h a s  t h u s  been proved,  
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We w i l l  w r i t e  down t h a t  IizCo(t) t ,< 1311; + 2- wi th  t T.  L e t  t be a n  a '  
a r b i t r a r y  v a l u e ;  t h e r e  e x i s t s  an  - nea r -pe r iod  such  t h a t  t -"r T )  T, 

1x0 ( t  $. T) - so ( 1 )  I < ; * 

- -  - _I 

+ E  But s i n c e  f? w a s  a r b i t r a r y ,  i t  f o l l o w s  

_ _  t h a t  I ( b )  LUX. 

The theorem h a s  been proved,  

We shou ld  p o i n t  o u t  t h a t  t h e  proved theorem g e n e r a l i z e s  S ,  N. Shi-  

manov's r e s u l t  C21 t o  a g r e a t  e x t e n t .  

a r e  n e a r  p e r i o d i c ,  

~- 

I f  t h e  t r i v i a l  s o l u t i o n  of  t h e  sys tem y ( t >  E A ( t ) y ( t )  + B ( t ) y ( t -  8) 
is uniformly a s y m p t o t i c a l l y  s t a b l e ,  t h e  sys tem w i l l  have a n e a r  p e r i o d i c  

s o l u t i o n  when I/*\ i s  s u f f i c i e n t l y  s m a l l .  

The proof  i s  based on t h e  same scheme as t h a t  o f  Theorem 2 and i t o  i n  

e f f e c t ,  c o i n c i d e s  wi th  the co r re spond ing  proof  f o r  t h e  sys tems of  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n s  C31 

We s h o u l d  p o i n t  o u t  t h a t  a 

same way. 

Under c o n s i d e r a t i o n  is  the  
- 

i ($1 =: XfJ El, x (11, ( 

more g e n e r a l  assumption i s  proved i n  t h e  

where Xo and X 

i n i t i a l  sys t em x o ( t )  2: X o [ t , x o ( t ) ,  xo(t--@ ) I  h a s  a nea r -pe r iod ic  s o l u t i o n ,  

such  t h a t  a t r i v i a l  s o l u t i o n  o f  d i f f e r e n t  v a r i a t i o n s  of  a co r re spond ing  

sys tem i s  uni formly  a s y m p t o t i c a l l y  s t a b l e ,  Then, i f  1/"j is s u f f i c i e n t l y  

small, t h e  sys tem w i l l  have a nea r -pe r iod ic  s o l u t i o n .  

a r e  ne x" p e r i o d i c  f u n c t i o n s  of  t ,  Le t  us  assume t h a t  t h e  1 
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By u s i n g  a s l i g h t  g e n e r a l i z a t i o n  of  t h e  lemma and r e p e a t i n g  the  scheme 

of  t h e  proof of  Theorem 3 i t  i s  p o s s i b l e  t o  c o n s t r u c t  t h e  f o l l o w i n g  tJb.eorem, 

Theorem 5. Under c o n s i d e r a t i o n  i s  the sys tem &(t) = X [ t ,  ~ ( l ) ,  E($ -- 

where X[t,u,v] is a nea r -pe r iod ic  f u n c t i o n  of t which i s  uniform i n  rela- 

t i o n  t o  u , v e  Le t  u s  assume t h a t  t h e  sys tem h a s  a l i m i t e d  and ,  on t h e  whole,  

an  a s y m p t o t i c a l l y  s t a b l e  s o l u t i o n  u ( t )  such  th,at t h e  c o r r e c t  s o l u t i o n  of  

d i f f e r e n t  v a r i a t i o n s  of  a cor responding  sys tem i s  uni formly  a s y m p t o t i c a l l y  

s t a b l e ,  Then u ( t )  is an  a s y m p t o t i c a l l y  nea r -pe r iod ic  f u n c t i o n ,  and t h e  

sys tem h a s  a n e a r - p e r i o d i c  s o l u t i o n ,  
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